Abstract-In this paper we consider the formulation and uses of electricity market equilibrium models.
I. INTRODUCTION
Electricity market equilibrium modelling has progressed significantly in the last two decades, both in terms of formulation and in terms of computability. In this paper, we discuss equilibrium formulations and offer an assessment of where these models are useful, where they are not, and the prospects for improving them. The focus will be on models of United States markets and the England and Wales market.
Modern equilibrium theory began, as is well-known, with the notion of a Nash equilibrium [1] . This unifying principle for understanding the interaction of decision-makers has been pervasive in economics. It is natural that it should be applied to analyze electricity markets, particularly given the relatively well-defined cost structure for electric power generation and the prevalence in restructured electricity markets of a relatively small number of large market participants, who might reasonably be expected to maximize their profits.
On the other hand, the details of generator operating cost components and the technical engineering constraints on power system operation greatly complicate the application of economic analysis to electricity markets. Operating cost of generation is not just characterized by a convex function of the quantity produced; however, this assumption of neo-classical economics underlies many formulations of equilibrium models [2] . On the demand side, considerable demand is simply not exposed to wholesale price variation, which greatly complicates the specification of a demand model. Furthermore, the specification of electricity markets-the "market rules"-can be prodigiously complex. For, example, the "Protocols" describing the "Nodal market" that will be introduced in the Electric Reliability Council of Texas (ERCOT) in 2009 runs to around 500 pages. Almost uniquely amongst markets, electricity markets are run by essentially automated exchanges, so that details of software implementations can be crucial in understanding outcomes.
Finally, regulators almost always reserve the right to intervene if market outcomes are not satisfactory. Consequently, participant behavior can also depend on anticipated responses by regulators to behavior that is otherwise permitted under market rules, including market power rules.
As in most fields, any attempt to develop a tractable model must abstract away from at least some of the detail. However, the choices in electricity markets are particularly difficult in part Ross Baldick is with the Department of Electrical and Computer Engineering, The University of Texas at Austin, Austin, TX 78712, USA (email: baldick@ece.utexas.edu) because experience with electricity markets is still accumulating and in part because there are several features of electricity markets, as suggested above, that are not features of other markets.
In this panel paper, I investigate some formulations of electricity market models, relate the modelling assumptions to market rules, and discuss the uses of such equilibrium models. The organization of this paper is as follows. In section II, I discuss model formulation. In section III, I discuss market operation and price formation. Solution and uses of equilibrium models are discussed in sections IV and V. I conclude in section VI.
II. MODEL FORMULATION
In this section, I draw from various sources, including [3] , [4] , [5] , [6] , [7] , concerning the formulation of equilibrium models to discuss the forms of the: • transmission network model, • generator cost function and operating characteristics, • the offer function in the market, including the representation of ancillary services in the market, • demand, and • uncertainty.
In each topic, I will distinguish the "economic model" that is used in the equilibrium formulation from:
• the underlying "physical model," that is, a (notionally) exact model of the physical characteristics, and/or • the "commercial model," that is, the model of the physical characteristics used in the actual market. For example, in the case of the offer function, the economic model corresponds to a choice of the the "strategic" variables of the market participants, which can differ significantly from the form of the offer required by the commercial model.
A. Transmission network model

A.1 Physical model
Electric transmission systems consist of many buses and transmission lines, with power flow solutions subject to Kirchhoff's laws and line flows limited by thermal, voltage, and stability considerations [7] . There may also be constraints on transmission that depend on particular generators being in-service. "Nomogram" constraints that limit flows across corridors of lines are often represented as linear inequalities [8] .
A.2 Commercial network model
Some of the detail of electricity networks is often hidden from market participants in that market prices may not be distinguished nodally, even when transmission constraints are binding. That is, the "commercial network model" may only represent some of the transmission network to the market.
At one extreme, there might be a single market price for most or all energy transacted. This was, roughly, the case in England and Wales in the 1990s [6] and was the case in the Electric Reliability Council of Texas (ERCOT) balancing market until 2002 [9] .
At an intermediate level of representation, the commercial network model might include a representation of what are deemed to be major inter-regional transmission constraints, with other "local" constraints not apparent in market prices. This approach has been used in ERCOT from 2002 [9] and was used in California in the late 1990s. In both cases, proxy thermal limits on certain transmission lines or corridors are used to represent the underlying transmission system.
When proxy transmission constraints are represented in the commercial network model, there is a choice of whether to completely abstract from Kirchhoff's laws using a "transportation" model, as was used initially in the commercial network model for the California market, or use an equivalenced network that represents Kirchhoff's laws for the calculation of the flows on the lines that represent the proxy constraints.
The latter approach of proxy constraints for an equivalenced network is currently taken in the ERCOT market, where a relatively small number of "congestion zones" are linked by "commercially significant constraints." All buses in each congestion zone are modelled essentially as being co-located in the commercial network model. Commercially significant constraints are proxy thermal limits assigned to certain groups of lines joining between the zones. The effect of dispatch in zones on flow on the commercially significant constraints is represented by average power transfer distribution factors for the buses in the zones.
At the other extreme, the commercial network model might represent considerable detail, as in the market models in the Northeast United States and in the market models that will be introduced into ERCOT in 2009 and in California in the future. Large numbers of buses, lines and line flow constraints, including contingency constraints, are explicitly represented in such commercial network models. In all of these markets except that of the New York ISO, however, "DC power flow" is used to represent transmission [10] . That is, reactive power and voltage constraints are still, at best, represented as proxy thermal limits. Even in the New York ISO market, voltage constraints may not be enforced.
Even when the commercial network model is deliberately chosen to match the physical model as closely as possible, there will still typically be discrepancies. Consequently, in all markets there must also be some mechanism to deal with "out-ofmarket" issues. That is, there is some mechanism to deal with constraints that are not represented in the commercial network model or which are only approximately represented. For example, in a model that uses DC power flow, the proxy representation of voltage constraints may not completely match the nature of the physical voltage constraints. When the outcome of the market would violate these physical constraints, some "out-ofmarket" measure must be taken, typically involving a "side payment" to particular market participants in exchange for changing their generation in a way that aids satisfaction of the constraints.
Finally, in typical markets there are financial hedging instruments for energy and transmission prices. Focusing on transmission prices, financial transmission rights (FTRs) are used to hedge transmission prices and are issued by the ISO to market participants [11] .
A.3 Economic model
Turning now to the implications for economic modelling of electricity markets, there are at least two issues involved. The first is that the economic model may only approximate the commercial network model. For example, in a commercial model with thermal transmission limits represented, the economic model might ignore these constraints or focus on time periods when the constraints are not binding [12] .
The second issue is economic modelling of "out-of-market" actions. The most typical approach is to ignore out-of-market actions in the economic model, under the supposition that they make only a small qualitative difference to the overall outcome. However, in some cases, the effects of out-of-market actions may be part of the focus of economic modelling. An example of this would be an assessment of the economic significance of out-of-market actions.
As another example, the choice of the number and boundary of the zones in ERCOT affects the level of out-of-market actions. An analysis might seek to assess the effect of an increased number of zones on the cost of out-of-market actions.
The third issue is the modelling of FTRs, both in terms of the process of issuing them and how they affect market participant decisions.
Finally, a further consideration is the model of how participants represent the effect of their decisions on transmission constraints. The economic model of participant behavior may only partially reflect the effect of participant decisions on the transmission constraints, implicitly specifying that the participants are ignoring or cannot perceive some of the information available to them about transmission. This will be described further in section II-C.2 in the context of offer functions, since the offer function may implicitly determine this issue.
B. Generator cost function and operating characteristics
B.1 Physical model
Thermal generators have energy, start-up, and minimum-load operating costs, together with ramp rate constraints and minimum up-and down-times. Ramp-rate constraints implicitly determine spinning reserve capability since spinning reserve is often defined as the sustained increased in generation available within 10 minutes, while start-up time sequences will implicitly determine the capacity to provide non-spinning reserves, since non-spinning reserves are typically required to be synchronized and injecting power into the system within, for example, 30 minutes.
Typically, energy cost functions for thermal generation are nonlinear functions of production, with marginal cost functions usually increasing with production, except at valving points. In contrast, typical hydro generators have low, roughly constant, marginal costs, but there is an opportunity cost associated with the use of the limited energy in a reservoir.
B.2 Economic model
In typical restructured electricity markets, there are tens or hundreds of generators. However, historically, such generation assets have been owned by a relatively few market participants. In particular, since most restructured electricity markets were previously regulated monopolies or state owned utilities, the ownership of generation will typically remain concentrated in each geographical area unless significant divestiture has occurred. Even when divestiture occurs, assets are often sold as a group, so that ownership may remain relatively concentrated.
Particularly when transmission limits are not modelled, it is common to model the cost function of participants by approximating the costs of a number of individual generators by a single equivalent portfolio-based cost function, typically corresponding to an affine or piecewise affine marginal cost function. This abstracts various details such as unit commitment decisions and valving points, under the presumption that for any desired demand to be met by the participant, there is a well-defined commitment and dispatch configuration that would meet that demand. Naturally, this may be a poor approximation since the commitment configuration depends on more than just the demand level at a particular time.
C. Offer function
C.1 Commercial model
Markets in the United States typically allow offers that represent a complex function that is aimed at capturing the details of the physical model of the generator cost function characteristics and parameters. In contrast, the California Power Exchange market allowed for only energy offers.
Representation of thermal units in day-ahead offer-based markets in the United States typically involves discrete variables to model on-off status together with one or more continuous variables to represent energy and ancillary service production. Ancillary services include spinning and non-spinning reserves and other services. Typical markets allow offers for energy that correspond to representing the marginal energy cost function as either a piecewise constant or piecewise linear function. Ancillary services are increasingly also being integrated into the same market offer structure as the energy offer [13] .
Some markets, such as the day-ahead markets in England and Wales in the 1990s and in PJM, require that cost functions or parameters be held constant over extended periods, such as a day, that consist of multiple pricing intervals. Other day-ahead markets allow for different offer costs every hour, although there may be several pricing intervals within each hour and offers are required to be specified day-ahead. Typical "real-time" markets involve several intervals over an hour, during which time offers are fixed. Some markets, such as New York, have restrictions on changes in some offer information if the change would lead to a substantive impact on market prices.
Bilateral energy contracts, such as contracts for differences, for hedging energy price variation are typically arranged between parties in addition to offers into the day-ahead and realtime markets [11] . Such contracts may not be publicly disclosed. Some markets also have "installed capacity markets," which provide payments for capacity.
C.2 Economic model
Economic models typically abstract from the details of the commercial model, often paralleling the form of the economic model of the cost function. If the economic model of the cost function is portfolio-based, then the economic model of the offer function may also be portfolio-based. For example, typical economic models of the England and Wales market in the 1990s use a portfolio offer representation, paralleling the economic model for the cost function, even though each individual generation unit was offered separately into the market [3] , [4] , [6] . In some cases, such as the ERCOT zonal balancing market, an economic model with portfolio offers may roughly match the commercial model. However, even in this case, there are likely to be differences between the economic and commercial model, particularly if transmission constraints are not fully represented in the economic model. Although the commercial model typically requires an offer function, economic models may represent the effective outcome of the market through a hypothetical "strategic variable," such as quantity as in the Cournot model, that does not literally correspond to the commercial model.
For each participant that is modelled explicitly, the assumed form of its offer defines the strategic variables of the participant. For participant k = 1,...,n, we will write s k for the strategic variable of participant k. For example, in a single-interval Cournot model, s k may specify the average power or the energy produced during the interval. In a multi-interval model, s k may be a vector with elements corresponding to each interval or to groups of intervals. In these cases, the strategic variable s k is finite dimensional.
The strategic variable may be more complex. For example, in a supply function model, the strategic variable s k is a function or a set of parameters representing a function that is (almost everywhere) the inverse of the offer into the market. In the case that the strategic variable s k is a function, it may be infinite dimensional.
When transmission is represented in the economic model, the interaction between the values of strategic variables and the transmission constraints must be modelled. This may implicitly define the model of how participants believe that they affect transmission. For example, in Cournot models with transmission constraints, participants may be represented as not understanding that they can directly affect whether or not a particular transmission constraint is binding. That is, this effect is not accurately modelled in the representation of their profits. Whether this assumption is appropriate or not depends on the sophistication of market participants.
Finally, bilateral contracts for energy and financial transmission rights affect economic outcomes by changing the exposure of market participants to prices. Since bilateral energy contracts may not be publicly disclosed, this poses problems for modelling outcomes.
D. Demand
D.1 Physical model
In many restructured electricity markets, demand is not exposed to wholesale electricity prices. Consequently, the price sensitivity of demand to wholesale price, at least in the shortterm, is essentially zero. In some markets, particularly in dayahead markets, large demands, in particular, may have some facility to specify their willingness-to-pay for energy and consequently there may be some demand price elasticity at any given time.
Over time, demand varies, with typically a diurnal cycle that is modulated by weather, human cycles such as weekdaysweekends and public holidays, and season. The temporal variation of demand over a day is usually much larger than the amount of demand variation that can be effected by typical changes in price over a day. Moreover, uncertainty in issues such as weather that affect demand means that demand is itself uncertain. Uncertainty will be discussed in Section II-E.
D.2 Commercial model
In the absence of price-responsive demand, demand may be forecasted, either short-or long-term. When there is priceresponsive demand, a forecast of non price-responsive demand can be added to the specification of price-responsive demand. Demand uncertainty is often managed through the combination of day-ahead and real-time markets.
D.3 Economic model D.3.a Price elasticity. As will be discussed below, economic equilibrium models, particularly Cournot models, are extremely sensitive to the specification of demand price elasticity. Because of this, demand is often specified in economic models as having far larger price elasticity than is actually physically present in the market. There are at least two interpretations of this, both of which may apply simultaneously.
The first interpretation is that the assumed price elasticity is simply a calibration to the observed market behavior. While it is reasonable to calibrate model parameters to observed behavior, such calibration significantly undercuts the predictive value of such models, except possibly in the context of sensitivity analysis. As will be discussed in section III-C, specification of price elasticity may also attempt to mimic administrative price formation under conditions where supply and demand do not cross and it becomes necessary either to curtail demand or deploy reserves to meet demand.
The second interpretation is that the assumed price elasticity is not only due to actual demand response, but is also a proxy for unmodelled "competitive" market participants, such as owners of small shares of generation. That is, some of the price elasticity is a representation of participants whose market share is small enough that profit maximization for them involves offering at marginal cost. Since the anticipated behavior of such small participants can be determined in advance, it is therefore subsumed into a "residual demand" faced by the larger participants. D.3.b Temporal variation. Turning to temporal variation in demand, some models focus on a particular moment or interval over which the demand forecast would be roughly constant. Such single-interval models do not capture interactions when market rules require that offers remain constant over multiple pricing intervals in a day, as in the day-ahead markets in England and Wales market in the 1990s and in PJM [3] , [4] , [6] or require that offers remain constant over multiple pricing intervals in an hour, as in real-time markets.
Single-interval models also do not capture demand uncertainty. In multi-interval models that focus on day-ahead markets, the role of uncertainty in demand may be somewhat hidden or incorporated into the temporal variation of demand. Uncertainty will be discussed in more detail in Section II-E.
E. Uncertainty
Many decisions in the operation of electric power systems must be taken in advance of full knowledge. Issues relating to decision making under uncertainty are therefore also relevant to electricity markets [14] .
E.1 Physical model
Many electricity market parameters, such as demand, residual demand, fuel costs and availability, and equipment capacity, are stochastic.
E.2 Commercial model
Typical commercial models incorporate a recognition of the uncertainty of equipment capacity through the incorporation of reserves. Stochastic demand is accommodated through the use of real-time markets that pay based on the deviation of actual generation from day-ahead schedule and charge based on the deviation of actual demand from day-ahead schedule or forecast.
E.3 Economic model
While stochastic issues can be incorporated into the models, stochastic parameters other than demand are typically not explicitly modelled. In many cases, real-time markets may not be explicitly modelled either, under the assumption that the forecast of demand used in the day-ahead market is typically negligibly different from the real-time demand and that the addition of the real-time market to the economic model would not change the results significantly.
III. MARKET OPERATION AND PRICE FORMATION
A. Physical model
In most other markets besides electricity, there is significant price elasticity of demand, the possibility of storage of product, and relatively lax transportation constraints, so that total supply and total demand can essentially always be assumed to intersect in a single market clearing price. However, in electricity markets, the lack of storability of electricity and the lack of price elasticity of demand implies that scarcity of electricity is not only possible, but would occur in the absence of active management of the market by an independent system operator. In fact, supply and demand is equated in electricity markets on a moment by moment basis by the operation of ancillary services. Moreover, because of limitations on transmission, market clearing prices will typically vary geographically.
B. Commercial model
The commercial model typically abstracts from the active need for supply and demand to be balanced and models the crossing of supply and forecast demand. If there is insufficient supply, ancillary services may be used to forestall persistent imbalances between supply and demand. In this case, prices are then set based on an administrative rule. Most restructured markets in North America represent some of the effects of transmission constraints on market prices.
Furthermore, electricity markets are typically organized as single price markets, with all accepted offers paid at the nodally varying clearing price, or some approximation to it. However, there have been proposals for "pay-as-bid" markets where each accepted offer is paid its offer price [15] .
Moreover, for various reasons, including market power concerns, prices may be set at a level other than the market clearing prices that would equate supply to demand. This is particularly prevalent under conditions of scarcity. The presence of installed capacity markets and of unit commitment decisions in the market model implicitly couples decisions across multiple intervals, even if energy offers are not required to be consistent across multiple intervals.
Finally, there are typically both day-ahead and real-time markets. Quantities in the real-time markets are based on deviations from forward positions in the day-ahead market.
C. Economic model
Similarly, typical economic models abstract from the active need for supply and demand to be matched in electricity markets and simply model the crossing of supply and demand curves as specified by the economic model. In cases where supply and demand do not meet, there is a need to define the effect that would occur in the commercial model due to using ancillary services. As mentioned above, in some cases, such actions may be modelled in part by assumed price elasticity of demand, even if such price elasticity is actually absent from the market.
For example, in a Cournot model, where the economic model involves participants setting quantities, it is essential to have demand price elasticity in order to have a well-defined price. In Cournot models with transmission constraints represented, in order to obtain well-defined nodal prices it is generally necessary to assume that demand at each bus is price responsive. This may be an extremely poor representation of actual demand elasticity.
Installed capacity markets and unit commitment issues may not be represented explicitly under the assumption that the energy market is not (directly) affected by installed capacity and unit commitment issues. Moreover, many models consider only the day-ahead or only the real-time market, even though both markets operate jointly.
IV. EQUILIBRIUM AND SOLUTION
The modelled equilibrium of a market is a set of participant offers such that no participant can improve its profit by unilaterally deviating from the offer. Formally, if there are modelled participants k = 1,...,n, with strategic variables s k , k = 1,...,n, then we can implicitly calculate the profit in, for example, the day-ahead or real-time market, to any participant k due to the choice of strategic variables by all the participants. That is, the choice of the strategic variables leads to a market clearing price and quantities of production that, together with the cost function, allows specification of the profit. In particular, the profit for participant k is specified by some π k (s k , s −k ), where s −k = (s ) =k is the collection of strategic variables of all the participants besides participant k. Then (s k ) k=1,. ..,n is a "pure strategy" equilibrium if:
This basic "single-shot" model of a day-ahead or real-time market can be extended to recognizing that the day-ahead market market repeats on a daily basis and the real-time market repeats on an hourly basis. Such "repeated games" typically involve additional model assumptions, particularly when collusive "signalling" is possible.
Computation of a "single-shot" equilibrium can be easy or difficult depending on the specification of the form of the strategic variables, the market operation model, and the number of participants. As mentioned in Section II-C.2, π k may imperfectly represent the profit function, particularly in the context of transmission constraints. Another modelling issue is the representation of bilateral contracts and FTRs [16] .
There are a number of possible solution methods for equilibrium models as discussed in the following sections.
A. Analytical models
In small models, it is possible to solve for equilibria analytically. For example, in a single-interval Cournot model it is possible to solve analytically for the outcomes. In other cases, the analysis requires consideration of cases, but may still be susceptible to analytical techniques [17] , [18] , [19] .
B. Fictitious play
When models become too complex to solve directly, a natural approach is to successively update strategic variables. For example, each participant may find its profit maximizing response to the other participants' strategic variables and use that to update its own strategic variables. A sequence of strategic variables is produced for each participant and the hope is that the sequences converge to the equilibrium. A number of variations on this basic idea is possible that use different approaches to finding the profit maximizing response [20] , [21] , [22] , [23] .
It should be emphasized that ficticious play assumes myopia on the part of market participants. That is, they do not anticipate changes in strategic variables by other participants when they update. Consequently, there is no representation of the "repeated game" nature of electricity markets.
C. Mathematical program with equilibrium constraints
A more systematic approach is to model the market clearing mechanism by its optimality conditions and then incorporate them into the optimization problems faced by each participant [24] . The application of such techniques to market models has grown with the increasing availability of software for solving such models.
V. VALIDITY, USES, AND LIMITATIONS OF EQUILIBRIUM MODELS
A fundamental question in using equilibrium models is whether they are reasonable models of industry behavior. In some cases, the underlying assumptions about knowledge, profit maximization, and rationality may not be consistent with observed behavior. For example, in the ERCOT balancing market, some smaller market participants' behavior is not consistent with a model of profit maximization [12] , [25] .
Furthermore, in some cases, no "pure strategy" equilibrium exists and there are only "mixed strategy" equilibria [26] , [27] . Unfortunately, in many cases there may be no straightforward interpretation of a mixed strategy equilibrium in the context of an electricity market where, empirically, there is very little evidence for randomized offers. In some cases, the existence of only mixed strategy equilibria may be evidence that assumptions in the model are inappropriate or that the model is illconditioned [21, section 4.4] .
Finally, in some models, particularly supply function equilibria, there may be multiple equilibria. Unfortunately, the presence of multiple equilibria is problematic since it significantly reduces the predictive value of the analysis. There have been several approaches to trying to "refine" multiple supply function equilibria by eliminating most of the range of equilibria using various criteria [21] , [28] , [29] , [30] .
Even putting aside the three issues of the validity of equilibrium modelling, mixed strategy equilibria, and multiple equilibria, it remains that there are a large number of economic modelling assumptions made in equilibrium models as discussed in sections II and III. Given all of these assumptions, it is likely that the models are not capable of exact predictions of market prices and market outcomes.
Even in the absence of accurate predictive capability, however, an important role for such models is the principled analysis of the effect of changes in market rules or the effect of changes in market structure. Examples include analyses of the effect of:
• detailed choices in the specification of alternative market rules such as:
-allowing offers to change from interval to interval versus requiring offers to remain constant over multiple intervals [28] , [21] , and -single clearing price versus pay-as-bid prices [31] , [18] , • changes in market structure such as mandated divestitures [6] , [22] , • representation of transmission constraints [8] , [32] , [24] , [26] , [33] , • level of contracts, such as: -bilateral energy contracts [16] , [34] , and -financial transmission rights [35] , [36] , • modelling assumptions, such as: -the assumed form of cost functions or offer functions [37] , [38] , -the use of portfolio-based versus unit-specific costs or offers, and -the representation of unit commitment. In these cases, a general analytical strategy is to hold most market rules and features constant and then vary one particular issue. In doing such a qualitative "sensitivity" analysis the hope is that, although the level of prices or the effect of other issues will not be calculated exactly, there will be a reasonable estimation of the change due to the modelled variation. This allows the potential for policy conclusions to be made from studies, even in the absence of perfect representation of market features or of fidelity to participant behavior. In the following sections, we summarize case studies of three such sensitivity analyses. Naturally, the results of any such modelling efforts must be evaluated with caution.
A. Market rules regarding the changing of offers
In an electricity market with multiple intervals in a day, for example, it is possible to imagine that market rules allow for only a single set of energy offers that must apply across all intervals in the day. Alternatively, market rules may allow for offers that can vary from hour to hour. Both alternatives have been adopted in practice.
To consider the effect of a requirement that offers remain constant across multiple intervals compared to allowing more flexibility, it is possible to formulate a supply function equilibrium model representing both cases. All other issues are assumed the same for both models and, for the purposes of isolating this particular issue, many of the detailed features of electricity markets, including transmission constraints, might be ignored.
The result of such an analysis is presented in [21] , [28] . A principal result of a rule requiring consistent offers is in the mitigation of market power. The requirement to offer consistently over a time horizon with multiple pricing intervals can help limit the exercise of market power, by depressing the prices that can be achieved in equilibrium compared to the equilibrium prices when offers can vary from interval to interval. The basic insight is that market participants must compromise their offers between on-and off-peak. Naturally, the results of any such analysis must be tempered with the observation that much of the detail of the market was modelled in a simplified manner.
B. Single clearing price versus pay-as-bid prices
Single clearing price electricity markets are sometimes criticized as paying excessive prices to infra-marginal generators compared to "pay-as-bid" markets. As pointed out in [11] , however, such naive proposals for pay-as-bid markets neglect to realize that offers will change in response to changes in market rules. A result of economics, called the "revenue equivalence theorem" [39] suggests that the equilibrium prices in single clearing price and pay-as-bid markets should be the same and that market participants will be paid the same in equilibrium in both markets. However, not all of the assumptions required for the revenue equivalence theorem actually hold in electricity markets.
As in the case of modelling the effect of consistency of bids, a simplified model of an electricity market can be used to obtain a sensitivity result for the change between single clearing price and pay-as-bid prices. In some models of electricity markets, pay-as-bid pricing can result in lower equilibrium prices than in single clearing price markets [31] , [18] . As previously, the simplicity of the market model means that results should be interpreted with caution. (Furthermore, there are serious drawbacks of pay-as-bid markets, including the likelihood of poor dispatch decisions when price predictions by market participants are imperfect.)
C. Divestitures
In some markets, market structure has been changed by mandated divestitures. This occurred twice in the England and Wales market in the late 1990s. A model of this market, with demand elasticity calibrated to observed market prices, was used to verify the size of the change in market prices due to the divestitures. The results of such an analysis are reported in [6] , [22] . Generally speaking, the model was able to reproduce the change in prices from before to after the divestitures. However, the model was calibrated to observed demand prior to the divestiture, which somewhat weakens its predictive value.
VI. CONCLUSION
In this paper, I have discussed equilibrium models, their solution, and uses. There has been considerable effort in recent years in developing the theory and application of these models. There are strong prospects for improving such models, although their application should be tempered with the understanding that the actual market is likely to include a host of details that remain unmodelled. Several examples of qualitative sensitivity analysis were described. 
